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A set of pure sinusoidal pitch and plunge oscillations for a symmetric airfoil is studied in this paper. A gridless
Lagrangian vorticity particle-based solver is used to simulate the unsteady flowfield. Various kinematics chosen here
are inspired by the experimental and computational studies presented in earlier works. The Lagrangian tool is used
to accurately reproduce the flowfield obtained by earlier experimental results. It follows the experimental trend
better compared with some of the grid-based solvers’ results from earlier studies. The strength of this tool is its grid-
free nature, as the resolution of the grid is a crucial parameter in resolving the unsteady flowfield accurately. This
study also investigates the effects of the starting condition in dictating the wake deflection mode at short and long
terms and confirms the findings of the earlier works. The effect of mean angle of attack on the wake deflection is also
highlighted. One of the main questions considered here is whether there exists a kinematic equivalence between
sinusoidal pitch and plunge. Effective angle of attack, quasi-steady criterion, and Theodorsen’s criterion of unsteady
aerodynamics have been considered here for kinematic equivalence with plunge. The latter two give a reasonably
good match both in terms of flowfield and load as was also reported in the literature. This behavior is seen in two
different plunge stroke amplitude cases studied here. The success of the quasi-steady and Theodorsen’s approach
indicates the general wake behavior being an inviscid phenomenon, at least for the chosen range of parameters.

Nomenclature

chord length, m

normalized instantaneous heave
normalized heave amplitude
reduced frequency (wc/U,,)
freestream velocity, m/s
frequency of oscillation, rad/s
nondimensional time (tU,,/¢)
mean angle of attack

pitch amplitude

phase angle

phase of the starting position
vorticity vector

velocity vector
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1. Introduction

SET of pure pitching and pure plunging motions are investi-

gated in this paper using a Lagrangian viscous vortex tech-
nique. These kinematics are fundamental to any flapping mechanism
of a micro-aerial vehicle. This investigation is inspired by an earlier
study of McGowan et al. [1] in which a comparison of experimental
and computational fluid dynamics results (based on CFL3D and
immersed boundary method) for pure-pitch and -plunge kinematics
was taken up. A set of pure sinusoidal plunging and its kinematically
equivalent pitching using the same reduced frequency and effective
angle of attack were investigated. The comparisons were made in
terms of flowfield visualization and downstream velocity profile as a
measure of thrust in [1]. The pure-plunge case was taken from an
experiment of Lai and Platzer [2]. The agreement between the
experimental and computational results was excellent for the pure-
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plunge case. However, for the equivalent pure-pitch case, the wake
structure showed deflection in experiments which was not present in
the pure-plunge case. This deflection was not captured in the original
computational investigation of McGowan et al. [1] using CFL3D and
immersed boundary-based solver. We take up this anomaly first
using our Lagrangian solver for different starting conditions. Lai and
Platzer [2] reports the importance of starting conditions in deciding
the mode of trailing wake deflection. A nonzero mean angle of attack
was also chosen arbitrarily in [1] for comparison with the plunge
case, whereas a valid comparison would need to have the same mean
angle of attack for both plunge and pitch. In the present work, mean
angle of attack is also varied for the pitch case to show how the wake
deflection depends on the total angle of attack and not only the
amplitude. The role of the starting condition in dictating the wake
deflection mode is also studied for the different mean angle of attack
cases.

In a subsequent work, Alam et al. [3] took up the same investi-
gations comprehensively for longer time and with different starting
conditions and obtained wake deflection by a different computational
model based on Ansys CFX. There was also a second time scale
much larger than the initial transient time. By the initial transients,
wake deflection shows up and the mode of deflection depends on the
starting conditions. However, all the wakes eventually (by the second
time scale) looks to be upwardly deflected irrespective of the starting
conditions. This second time scale could be as high as 20 cycles or
more. This is an interesting observation and we also simulate the
same here for a symmetric profile. The findings are quite similar even
for the symmetric profile which is rather surprising as a symmetric
profile need not have a directional bias.

McGowan et al. [4] further probes into the equivalence of plunge
and pitch kinematics and looks for the best equivalent pitching
kinematics which would match the plunge flowfield. This is based on
both quasi-steady and Theodorsen criteria of unsteady aerodynamic
theory. Our Lagrangian investigation confirms the findings, results
are presented in brief. Though strictly speaking, for a viscous
flowfield, it is not possible to find a kinematic equivalent pitch
analytically. However, the wake deflection is primarily an inviscid
phenomenon argued by Jones et al. [3].

In this work, the results are presented and compared with the
earlier works in terms of vorticity fields during upstroke and down-
stroke and also in some cases in terms of streamwise velocity profiles
and lift coefficients.
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Fig. 1 Experimental validation from Koochesfahani [16]; k = 20.04, 26.7: a) wake pattern and b) mean streamwise velocity profiles.
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Fig. 2 Pure heave: vorticity plot and instantaneous streamwise velocity profile using Lagrangian viscous solver; i, = 0.05, k = 7.86.
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Fig. 3 Pure-pitch: vorticity plot and instantaneous streamwise velocity profile by Lagrangian viscous solver; «, = 21.5°, k = 7.86, o, = 0°.
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Fig. 4 Lift coefficient for plunge and equivalent pitch kinematics based
on effective angle of attack, quasi-steady and Theodorsen’s approach;
k=1.86,c, =0°.

II. Lagrangian Solver

This is a grid-free technique and the flowfield is described by a
number of discrete particles carrying field property vorticity. The
incompressible Navier—Stokes equation is solved in terms of
vorticity. Velocity field is computed from the Biot—Savart law,
obtained from the vector Poisson equation of vorticity-stream
function. Various diffusion models can be used in order to simulate
viscous diffusion. In our work, a random walk model is used [6]. In
some of our earlier works, this Lagrangian method was used to
simulate the unsteady flowfield related to dynamic stall and heaving-
propulsion [7,8].

The two-dimensional incompressible Navier—Stokes equation in
the vorticity-transport form is shown as [9]
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where v is the kinematic viscosity, vorticity 2 = V x V with V the
velocity field. The vorticity and the velocity field is given by a vector
Poisson equation [9,10]:

V2V=-VxQ 2

The solution to this vector Poisson equation uniquely defines the
velocity-vorticity relationship, known as the Biot—Savart law [9-11]
as shown below:
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where R, is the rigid body angular velocity of the solid whose
boundary is denoted by S, and V, its translational velocity. r, is the
vector distance from the origin of the reference frame to the vortex
particles in the fluid region R, and r is the point in the flowfield where
the induced velocity due to these vortex particles are to be
determined. Note that the velocity field automatically satisfies the
far-field velocity boundary condition of the flow.

New vortices are created at the body boundary by satistying the
no-slip and no-penetration boundary conditions. We use a operator
splitting technique proposed by Chorin [6] in which Eq. (1) can be
split into convection and diffusion parts that are to be solved
sequentially. This is represented as

IQ/0t+V.VQ =0, and 0Q/dt=1V?Q @)

The convection partin Eq. (4) shows the invariance of vorticity of the
vortex particles as they move with the fluid. The convection velocity
is the same as that given by the Biot—Savart law. The solution of the
diffusion part in Eq. (4) is given by a Gaussian probability density
function [9]. A random walk algorithm [6] is used to approximate
diffusion [12,13]. Recently, Eldredge et al. [ 14] used a viscous vortex
particle method with a deterministic diffusion model to study
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Fig. 5 Pure-pitch: a)-b) quasi-steady criterion oy, = —5.6°, k = 7.86, «,, = 0°, ¥ = 14.3° and c)-d) Theodorsen’s criterion oy = —8.9°, k = 7.86,

,, = 0°, ¢ = 35.8°.
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flapping kinematics of airfoils. In another investigation, Chabalko
etal. [15] have used a vortex lattice method to study the pitch plunge

kinematics of an airfoil.

The forces exerted on the body comes from the surface pressure
and the surface friction. The tangential pressure gradient on the body

surface is given by
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where 2, is the angular velocity of the body motion. Equation (5) is
integrated to calculate the aerodynamic loads from the surface

pressure distribution.

Some simple pure-pitch cases are simulated here with the above
tool from Koochesfahani’s [16] pitching experiments at Re=
10, 000. The trailing wake patterns and mean velocity profiles are
shown in Fig. 1 and the results are encouraging. The k values shown
here corresponds to frequencies 6 and 8 Hz as given in [16] and are
based on full chord length. This solver can also capture strong
viscous effects, for example, leading-edge dynamic stall vortex. For
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Fig. 6 Vorticity plot and instantaneous streamwise velocity profile for heave-equivalent pitch using effective angle of attack: a)-d) ¢ = =/2 and e)-
h) ¢ =3n/2; 0y =21.5°,k =7.86, c,, = 4°.
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experimental validation in such regimes, our earlier results in [7] can
be referred to.

III. Flapping Kinematics
The nondimensional heaving kinematics is given by [2]

h(t) = hgcos(kt) (6)

Here, h and h are the normalized (with the chord) heave and heave
amplitude, respectively, k = wc/U, is the reduced frequency and
t = tU,,/c is the nondimensional time. An effective angle of attack-
based pitching motion can be constructed from the heave [17] as:
a(t) = tan~'[—h, /U]. Here h, = hc is the instantaneous heave in
the dimensional form. The corresponding pitch amplitude would be:
ay = tan~![hyk]. Thus a sinusoidal heave-equivalent pitch motion
with a reduced frequency same as the heave and an arbitrary mean
angle of attack «,, is given by

a(t) = «,, + agcos(kt + ) @)

McGowan et al. [1] had chosen the following parameters from Lai
and Platzer [2]: hy = 0.05, k = 7.86. Note that reduced frequency in
[1] was described using the half-chord unlike in the present work or
in [2] where chord-length is used for nondimensionalization. For the
pure-pitch case, an arbitrary mean angle of attack of 4° was used in
their study. Using these parameters, the pitching amplitude is calcu-
lated as oy = 21.5°. Using quasi-steady theory and Theodorsen’s
theory of unsteady aerodynamics, alternate pitch amplitudes and
phase angles are calculated in [4]. The difference between the quasi-
steady theory and effective angle of attack approach is that the effect
of pitch rate is included in the former. Theodorsen’s approach
includes the noncirculatory terms as well which are absent in the
other two; it also includes the wake effect through a complex function
of reduced frequency called Theodorsen’s function. The pitch
amplitudes and the phase angles are calculated as oy = —5.6°,
Y =14.3° and «y,=—-8.9°, ¥y =235.8° by quasi-steady and
Theodorsen’s criteria, respectively. These derivations have been
discussed in details in [4] and are not repeated here. Effects of two
different Reynolds numbers (Re) of 10,000 and 40,000 were also
compared in [1,3] but no significant difference in the results were
observed. In the present study, Re is kept at 10,000.

In the present work, we use two different starting conditions,
trailing edge going up and going down starting from the mean
position. They have been referred to as the upward and downward
starting conditions and are denoted by ¢ = /2 and ¢ =37/2
respectively as per the notation used in [3].

IV. Results and Discussion

A symmetric NACA 0012 profile is chosen here; the Lagrangian
viscous solver described in the earlier section is used for simulation.
The Reynolds number is kept at 10,000 for all cases. First, pure heave
kinematics is taken up (from Lai and Platzer [2]). The Lagrangian
solver results are shown in Fig. 2 which closely match with that of Lai
and Platzer [2]. The trace of leading-edge vortex is insignificant; the
trailing-edge vortex pattern shows anticlockwise vortices in the
upper row and clockwise vortices in the lower row. This vortex street
which is opposite in sense of a Karman street indicates thrust.

The instantaneous values of the streamwise velocity profiles are
plotted in Figs. 2c and 2d to compare with the experiments of
McGowan et al. [1] and they match quite well. The streamwise
velocity profiles are normalized by the freestream velocity and have
been plotted for the upstroke and downstrokes. The velocity profiles
are calculated at a distance x/chord = 2 in the wake, as was also done
by McGowan et al. [1].

For the pitching case, we first choose the effective angle of attack
approach. However, any comparison with plunge should be made at
the same mean angle of attack. So here we choose a zero mean angle
in pitch. The vorticity contours along with the instantaneous
streamwise velocity plots are shown in Fig. 3. The wake does not
show any significant deflection. The velocity profiles also look

similar to plunge (shown in Figs. 2¢ and 2d) though the numerical
values are different. However, if one compares the lift coefficient C,
as was done in [4], the difference between the plunge and effective
angle of attack pitch case is significant as shown in Fig. 4. The load
comparison also includes the pitch kinematics based on quasi-steady
and Theodorsen’s approach [4]. For hy, =0.05, k=7.86, the
equivalent pitch amplitudes and phase angles are calculated as —5.6,
14.3° and —8.9, 35.8° with quasi-steady and Theodorsen’s criteria,
respectively. The lift coefficient for Theodorsen’s criteria is closest to
that of pure-plunge which confirms the findings in [4], though the
results were presented there for a nonzero mean angle of 4°. The
wake patterns are shown in Fig. 5 with the quasi-steady and
Theodorsen’s approaches. The wake patterns are close to that of
plunge, however, quasi-steady match is somewhat better than
Theodorsen’s.

Now, we increase the mean angle of attack to 4°. The phase of the
vorticity snapshots in a cycle are mentioned in terms of ¢/ T as before.
Here, t/T = 1/4 means maximum nose-down position and ¢/T =
3/4 means maximum nose-up position of the airfoil. The starting
condition is also mentioned in terms of ¢ as discussed in the earlier
section. We see that the wake deflection is noticeable as shown in
Figs. 6a and 6b. Instantaneous streamwise velocity profiles are also
shown in Figs. 6¢c and 6d in order to compare them with the
experimental results of McGowan et al. [1] and the match is poor.
Though both studies indicate deflection in the wake, the deflection
looks much stronger in the phase averaged vorticity contour images
from the experimental study of [1]. However, in our case, the
deflection is gradual [2] and the immediate first pair do not show any
significant deflection. Moreover, it is not clear after how many cycles
the velocity profiles should be compared. In our Lagrangian
simulations, both upward and downward starting conditions are used
and the wake is deflected accordingly, see Figs. 6e—6h also. Alam
et al. [3] revisits the cases presented in McGowan et al. [1], with a
SD7003 profile asin [1]. An Ansys CFX-based computational model
is chosen which captures the wake deflection successfully now. A
systematic study of four different starting conditions was done which
dictate the deflection mode. Simulations were run for long time and
there was evidence of a second time scale by which all wake types
eventually go to upward deflection mode irrespective of their starting
conditions. This happens typically between 10-20 cycles. Interest-
ingly, our observations with a symmetric profile are also quite
similar. We choose a typical case of downward starting conditions
from the mean angle position (phase 37/2 in [3]) and simulate it for a
longer time beyond 10 cycles. The final wake form indeed comes out
from its downward deflection mode and starts to look upwardly
deflected. The wake patterns at tenth cycle are shown in Fig. 7. This
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Fig. 7 Simulation of ¢ = 37/2 case from Fig. 6 [(e) and (f) cases] at the
tenth cycle.
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observation is counter intuitive and needs further investigations. A
cambered profile can have preference for a particular deflection mode
but a symmetric profile need not. Also, an upward deflected wake is
also a signature of nonzero upward vertical force, which can happen
in a cambered profile. Lai and Platzer [2] had mentioned the
possibility of arbitrary changes in the deflection mode in their
experiments which is supposedly triggered by small random
disturbances present during the experiments. It will be worthwhile to
see if any further changes of the deflection mode is possible, at least
for the symmetric profile. However, at very long time, the Lagrangian
tool will accumulate too many vortex particles slowing down the
time marching process.

2967

For a mean angle of attack of 8°, the immediate wake deflection is
again dictated by the starting conditions. The deflection is much
higher than the earlier case, the mushroom vortex shapes are visible
as shown in Fig. 8. This also shows that the wake deflection is
dependent on the total angle of attack and not the amplitude alone.
The instantaneous streamwise velocity profiles are shown once again
as in the earlier cases.

It is well known that the wake deflection in plunge is a function of
its nondimensional plunge velocity, kh,. Typically for khy =1 or
more the wake of a plunging airfoil deflects [3]. The starting
condition decides the mode of deflection, at least in the short time
scale. In our earlier study on nonsinusoidal plunge [8], the wake
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Fig. 8 Vorticity plot and instantaneous streamwise velocity profiles: a)-d) ¢ = 7/2 and e)-h) ¢ = 37/2; &y =21.5°,k =7.86, o, = 8°.
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deflection was shown to be dependent on the starting condition. Lai
and Platzer [2] shows the same for a sinusoidal plunge. Thus, both the
pitch and plunge cases behave quite similarly. We also simulate a
higher khy = 1 case here. This is achieved by using a higher plunge
amplitude sy = 0.12 and the same k as before. The corresponding
pitch amplitude using the effective angle of attack criterion is 44.5°
which is rather high. Mean angle is kept zero in pitch. The vortex
pattern for the plunging case is shown in Fig. 9a for an upward
starting condition. The effective angle of attack-based pitching case
is shown in Fig. 9b. This wake pattern looks completely different; it
shows a large upward deflection along with a smaller downward
pattern. Equivalent pitch is also taken up using quasi-steady and
Theodorsen’s criteria. The corresponding pitch amplitudes and phase
angles are, oy = —14.13°, ¢ = 14.3° and o) = —22.54°, y = 35.8°
respectively. The vorticity plots for these cases are shown in Figs. 9¢
and 9d. The wake pattern from the quasi-steady approach is quite
close to that of plunge, same as in the earlier smaller kk, case.
Theodorsen’s approach shows a higher wake deflection than that of
the quasi-steady approach. However, it would be interesting to see at
what regime of Reynolds numbers this equivalence is lost, especially
when the viscous effects are really high and strong leading-edge
vortices are present.

V. Conclusions

This work simulates the unsteady flowfields for a set of pure-
plunge and pure-pitch kinematics for a symmetric airfoil with a
particle-based Lagrangian viscous solver. This tool can provide a
quick visualization of the flow in terms of its vorticity. It has
successfully captured the wake deflection seen in the pitching
experiments of McGowan et al. [1]. However, the authors had also
used two computational models (using grid-based CFL3D and
immersed boundary method-based solvers) to simulate the same
kinematics but wake deflection was absent. There is no special
feature in the Lagrangian tool (other than this being grid-free) that
could enable it to capture the unsteady flow field better compared
with a grid-based solver. So, a possible reason for this mismatch
could be insufficient grid resolution used in the grid-based solvers.
Also, the starting condition plays a role in dictating the time required
for obtaining the correct wake pattern after overcoming the

transients. This is also called short-term stationarity which was
analyzed in a later study quite systematically [3]. The evolution of
both short-term and long-term stationarity were presented using an
Ansys CFX solver with and without turbulence modeling. Both the
time scales (short and long) were shown to vary with the starting
conditions. As per our observations, the Lagrangian solver quickly
converges to the short-term stationarity; for any starting condition the
corresponding short-term stationarity is always reached within two
to three cycles and the results are plotted around fifth/sixth cycle. An
interesting question is, can arbitrary perturbations trigger the
preferred mode of deflection. This could be the case for the present
random vortex technique, at least for the short-term case. This,
however, can not be a universal argument, until a comprehensive
comparison is done.

The present Lagrangian code is not a very good choice to track the
flow field at large time as the flow field becomes too crowded and the
time marching becomes slow. A fast particle algorithm is needed.
Here, the long-term behavior was investigated only for one starting
condition. The long-term stationarity converges to an upward
deflection mode for the symmetric airfoil which is surprising and
needs further investigation. A symmetric profile need not have a bias
for any preferred mode of deflection. Moreover, it remains to be seen
if the long-term deflection mode can alter further at a later time with
arbitrary perturbations.

The present study confirms the findings of McGowan et al. [4] that
the quasi-steady criterion and Theodorsen’s criterion of unsteady
aerodynamics for choosing the kinematic equivalent pitch give a
close match with plunge, both in terms of flowfield and load. This
was done also for a higher stroke amplitude case with khy = 1.0 and
the findings were the same. khy = 1.0 for plunge gives a slightly
deflected wake as per Jones et al. [5] criteria. Quasi-steady and
Theodorsen’s theory work well, possibly because wake deflection
seems to be essentially an inviscid phenomenon [5]. However, it
remains to be seen in which regime the overall equivalence will be
lost, especially when the viscous effects are much more significant.
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